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Abstract. In this paper, the symmetric irreducible representations of SO, in (SU,)* basis
are constructed. Some reduced matrix elements and closed expressions of simple isoscalar
factors for SO, 2 (SU,)? are obtained. Finally, an example is given to show how to obtain
physical states from these mathematical ones.

1. Introduction

In nuclear and atomic physics the group chain SU,>S0,>S80; is very significant.
For example, in nuclear physics this group chain is used to classify the octopole
vibrations of the nucleus [1], and in atomic physics this group chain is used for
classification of the f-electron, as has already been discussed by Racah [2] and Judd
[3]. However, SO, > S0, is not simply reducible. In this reduction there are several
missing labels, for which it is extremely difficult to find a simple physical interpretation.
For this reason, De Mayer et al have examined the mathematical basis of SO, by the
standard group-theoretical method [4, 5] and the shift-operator technique [6, 7]. But
the explicit bases are not constructed in these papers, for which it is important to
express the physical basis in terms of mathematical ones.

Generally, there is the reduction SO,, ., (SU,)" for integer n, where we restrict
consideration to symmetric irreps of SO,,.,. The first non-trivial case, SOs, has been
discussed by Kemmer et al [8] and Sun [9]. However, this reduction does not provide
sufficient labels to lift degeneracy for the n > 3 case [4], so we will only treat symmetric
irreps of SO, in this paper.

The intermediate steps in SO, > (SU,)*> may be analysed by using the embedding
of semisimple complex Lie algebras in semisimple complex Lie algebras [10]. We find
that only (SU,)* is the maximal subalgebra of SO, in this reduction, i.e. there is no
intermediate step in the reduction. The nine positive roots of SO, (B;) are described
[4] in an orthonormal basis {e;, e,, e;} as e, e,, €3, e, * e;, e;xe;. The three simple
roots a;, a,, a3 are a; = e, — €,, 0, = €, — €3, a3 = ;. In the root system of the algebra
B, (SO;) the appointment of three mutually orthogonal simple roots a, a5 and a} for
the subalgebra (SU,)? is not unique. It is clear that having defined @}, @} and a} in
terms of e,, e, and e;, any formal permutation of the latter basis vectors leads to

0305-4470/89/194105+ 08802.50 (© 1989 IOP Publishing Ltd 4105



4106 F Pan, Y-F Cao and Z-Y Pan

another acceptable definition of the simple roots. The branching rule is also indepen-
dent of any particular choice. Our subalgebra choice based on the f-boson realisation
of SO, will be given in the next section.

The complete inclusion SO, > (SU,)’>SU, can also be considered. However,
(SU,)* > SU, is trivial because the basis of (SU,)*> > SU, are just the three SU, bases
coupled to the final subgroup SU,; the coupling coefficients needed here are cG
coefficients of SU,, which are well known. In addition, the physical basis SO; > S0,
can easily be constructed from those non-physical bases SO, > (SU,)".

In this paper, our discussion will be based on boson realisation of this group chain.
The boson realisation of group symmetric irreps can be applied to a large class of
simple Lie groups (see e.g. [11]).

In § 2 we will give an expression for the generators and Casimir operator of SO,.
In § 3 we will construct the explicit basis of SO,. In § 4 we will given an example
which shows how to obtain a physical state. The reduced matrix elements and some
simple isoscalar factors for SO, = (SU,)* will be given in § 5.

2. Generators
The branching rule of SO, > (SU,)* is
SO, >SUZxSUSxSUS (w,0,0)=axbxc (1)

where w is the seniority quantum number, and

2b=2c=w—-a=-2k (2a)
a=0,1,2,...,w (2b)
k=0,1,2,...,[3(w=a)l. (2¢)

Here the symbol [x] denotes the maximum integer less than or equal to x.

We will use creation (annihilation) operators fu (f.),n=0,%1, £2, £3,to construct
the generators of SU,, SO, and (SU,)’. First, we will define a set of uncoupling
generators for the group chain (1) as follows [12]:

Xuv = Lok —f1f p, v =0,£1,£2, +3 (3)

where f:L =(=1)""*f_,. Obviously, Xu» = ~Xuu» Xuu =0, (X)) =(=1)*""x_,_,, and in
addition they satisfy the following commutation relation:

(Xuws Xood = (= 1) X068, + (1) x,,8, o
+(_1)1+VXp,u.60'—V+(‘l)l+pXUV5M‘-p' (4)

Using x.., we can construct the generators of SO, and (SU,)* as follows:

SU3: ap=X1-1,8==EX10 (Sa)
SUé’? be =%(X3—3 ~X2-2), b= Zt(l/\/i)Xxszz (5b)
SUS: ¢o=3(x2-2F X3-3); €= = F(1/V2) Xu3=2. (5¢)

The remaining generators of SO, can be put in the form of a tensor operator as given
in table 1.
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Table 1. Tensor operator T(‘};y.

y o/ -2
% 1 (1/\5)/\’31 (1/\/2)/\’—21
(1/V2xso (1/V2)x_20
-1 (1/\/5))(3—1 (1/‘/_2_)/\’—2—\

[,
—

(1/\/5)/\/12 (1/‘/5)/\’1—3
0 (l/ﬁ)on (1/\/§)X0—3
-1 (1/\/5))(—12 (1/\/2_)X—1—3

Using (4), we can construct the commutation relations for these operators,
[A., A ]=-A, [Ap, A.]==A. (6a)
where A; can be taken és a;, b, or ¢;, for i=+1, -1, 0, and
[a., T:, $1=FVi1Fa)2za)TE,,,
[b., T, =FVIGFB)G=B) Tul-yy (6b)
[e., TH]=FViGF V)G 1) Tilhy-
[Tehy Telp]
= (1/V2)8acaBpop (=1 " Gm3y 11y + 90000y
+(1/vV2) 8558, (1) F(lala'lla + a)ag.q

+(1/V2)8a-ardy- (=) TVEBIB 1B+ Bbs (6¢)
Using these generators, we can write the Casimir operator of SO, as

Co=a%/2+ b+ A+ 2V3(TH x THH ™, (7)

3. Basis vectors

First, we introduce the following generators of SU(1, 1):

S+=%Z (=D"ff L

S =32 (=1)"ffm (8a)
12 (fodm o m)

3

they satisfy the following commutation relations:
[S.,8_]=-25 [So, S.]==8S.. (Sb)

We can use the generators of SU(1, 1) to construct the tower of symmetric irreps of
SU, and hence SO;,<SU,. Let the basis vector of SU, >80, be |[nwQ), where Q
corresponds to other quantum numbers. The expectation value of the product S,S_
is given by

(nwQ|S.S_|nwQ) = So(So—1) - S(S-1) (8¢)
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where S(S§—1) is the eigenvalue of the Casimir operator of SU(1, 1). Note that
So=n/2+} S=w/2+3 (8d)

The generators of SO, and of SU, leave the number of bosons invariant because they
commute with the boson number operator. The generators of SU(1, 1) change the
boson number by 0 or =2. The state |nw{)) with n = w satisfies

S_|wwQ)=0 (8e)

because the state |ww(2) has the maximum seniority. The generators of SU(1, 1) group
commute with SO, generators. Thus, the SU(1, 1) shift-up operator creates an invariant
set of states with an even number of bosons (one state for each even n) from the
ground state with no boson, and another invariant set of states with an odd number
of bosons from the ground state with a single boson.

Thus, the state with n bosons which loads the symmetric irrep of SU, can be
constructed by acting on 3(n —w) boson pairing operators S,. It is easy to prove that
the normalised state vector |nw{)) can be written as

|nwQ) = N(S.)° | ww) o
where
(Qw+5)!! 12 B
N=<2"p!<2w+2p+5>! !) n=wTp (9b)

Next, we construct the state |ww()). In the group chain (1), Q1 can be written more
explicitly as a, ao; b, by, c,. Obviously, the eigenstate of the operators C,, a’, ao, b,
by, c, with eigenvalues sw(w+5), a(a+1), a, {(w—a)[X(w—a)+1], }(w—a), X{w—-a)
can be written as

1) =|ww; aay; bboco) = N, fT°£3"“/0) (10a)
with

1 1/2
N1=<m> . (10b)

Third, it can be proved that the operators Si,=(fofo—2f1f)/2 and Si=
(fIfT,—f7f7:)/2 are SUS xSUS x SUS invariants. Let

12)=|ww; aa; 3(w—a) =k s(w=—a)—k (w=a)=k)

= N ALSTOf 77 70720). (11a)
Using the relation S_{2) =0, we get
‘ k (2w —-2a=-2k+2)!1(2a+1)!! _
wo_ Y +totk—t llb
Aa Z( 1)<t)(2w—2a—2k—2t+2)!!(2a+2t+1)!! 107 (115)

and

—q- - 1/2
N2=<(W a-2k+1)2a+2k+1)!1(2w 2k+3)!!> (11¢)

klallw—a—-k+1)!12w+3)!11(2a+1)!!
Hence the state |2) is a simultaneous eigenstate of the operators C;, a?, ao, b%, by, ¢,
with eigenvalues sw(w=+35), a(a+1), a, [{(w—a)—k][3(w—-a)—k+1], H{w-a)~k,
1
s(iw—a)—k.
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Jmh=hy W/ Dw=amk=¢ o1 the state |2), we obtain a

Finally, acting g% %, pU/?(¥~e
general state vector
lww; adq; 3(w = a) — k boco)

= NAG L Folpef 10027 f 7007 f om0
oT

xft;figl/Z)(w-‘a)—k—bO—Tf;(1/2)(w—a)—k+co—7|0> (12(1)
where
o1 _(%(w—a)—k—b())
] T
(a—ag)lal(w—a=-2k)!3(w—a)—k—c)! 1
(a—ag=20)(ag+ )2 (bg—co+7)! Glw—a)=—k+co—1)!
(12b)
and

3 ((a+ao)![%(w—a)—k+b0]![%(w—a)—k+ co]!2"_"°>”2
~\(a—ao)!(2a)![i(w—a) — k= bo]![3(w —a) — k— c;]!
X [Na/(w—a—=2k)1](=1)¢%T /D wma)mk=b, (12¢)

4. Physical state

In nuclear physics, for example, in order to describe octopole vibrations in nuclei, the
usual 1BM (s-d) model is extended to include the f boson [13, 14]. The SO, > SO,
chain is very important in these applications. In this case, the basis vectors can be
written as

(W IM) =[|Nx)ex InL)Im (13)

where the subscript ¢ denotes the positive-parity core of active s and d bosons, while
InL;) denotes the SO, > SO, basis vectors. In the following we will focus our attention
on the construction of the basis vectors for the f-boson system for the SO, > SO; chain.

The states constructed in § 3 do not have good angular momentum, and as such
are not physical states. In practical calculations this problem may be solved by requiring
the states to be eigenstates of the angular momentum L? [12]. We will give a method
used to construct the basis vectors for SO, > SO, as shown below.

Firstly, we consider the highest-weight state

[ww; 00; 3w 3w dw) =v1/w! £77|0) (14)
which corresponds to the state with L =3w and M =3w.

Then we act on (14) with L_, which gives a linear combination of the states with
the same w and M. The angular momentum operators are defined as

Lo=ag+5bo+ co=v2B(f /)" (15a)
L.=v6(a.+c.)—vI0TH, =, =V28(f*f)L). (15b)

We also have
T{iﬂi{ww; aay; bbycy)
=1((w—a—2b)(w+a+2b+5)(a+a0+1)(a+a0+2)(b—b0+1)(b+co+l))'/z
4 (2b+1)(2a+1)(2a+3)(b+1)
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X|ww; a—1lag+1; b+iby—3co+3)
1 <(w—a -2b+2)(w+a+2b+3)(a—ag)(a—a,— 1)(17-1;0)(1;—c(,)>‘/2
4 (2b+1)(2a+1)(2a—1)b

X|ww;a—lag+1; b—3by—3co+3)

+_1_((w—a+2b+4)(w+a—2b+1)(a-—a0)(a—ao—l)(b—b0+1)(b+co+l)>‘/2
4 (2b+1)(2a+1)(2a—-1)(b+1)
X|ww; a—1ap+1; b+3by—3co+3)
__1_<(w—a+2b+2)(w+a —2b+3)(a+a0+1)(a+a0+2)(b+b0)(b—co)>1/2
4 2b+1)(2a+1)(2a+3)b
X|ww; a+1ag+1; b—3by—3co+3). (16)

For simplicity, we only discuss the w =3 case as an example; in this case the highest
state is £3°]0) =|3; 00; 233), which corresponding to the physical state with L=9 and
M =9, Acting on|3; 00;333) with L_ and using (15) and (16), we have L_|3; 00;333) =
—3/3; 00; 334%), which is the physical state with L=9 and M =8. Similarly, acting on
13; 00; 223 with L_, we obtain

L_|3;00;33 %) =2V3]3;00; 33 -2 +5(3; 115 111) (17)
the state on the rRHs corresponding to the state with L=9 and M =7. The state with
L=7 and M =7 can now be obtained by its normalisation and its orthogonality with
[L=9M=7):

|L=7M="T7)=2v3|3; 11; 111) —v3|3; 00; 33 - 1) (18)
which is unnormalised and determined within a phase factor.

We can use this method to obtain all the states with good angular momentum
quantum numbers.

5. Reduced matrix elements

In this section we will calculate the matrix elements of T.}4, and some simple isoscalar
factors for SO, > (SU,)°.
First, by acting with 7™, on (12a) for ¢, = b,, we obtain

T4, w; aaq; bboby)
__l_<(w—a—2b)(w+a+2b+5)(a—a0+1)(a—a0+2)(b+b0+1)2>'/2
4 (2b+1)(2a+1)(2a+3)(b+1)
X|w;a+lag—1; b+3by+3iby+3)
W1 ((w—a —2b+2)(w+a+2b+3)(a+a0)(a+a0—1)(b—b0)2>‘/2
4 2b+1)(2a+1)(2a—-1)b
X|w;a—1as=1; b—3by+3by+3%)
+l((w—a+2b+4)(w+a—2b+1)(a+a0)(a+ao—1)(b+b0+1)2)1/2
4 (2b+1)(2a+1)(2a+3)b
X|w;a+1lag—1; b—3by+3bo+3). (19)
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We also have

b_|w; aay; bboco) = —vA(b + bo)(b — bo+ 1)|w; aay; bby—1 co)

c_|w; aag; bbyco) = —vVi(b+ o) (b= co+1)|w; aag; bbyco—1) (20)

a_|w; aag; bboco) = —vi(a+ ap)(a—ao+ 1)|w; aay—1; bbocy).

Using these results and Wigner-Eckart theorem, we obtain the following reduced
matrix elements of T.4,:

(wa+1b+3| T |wab)=3[(w+a+2b+5)(w—a-2b)(2b+1)(2b+2)(a+1)]"" 1)
(wa+1b-3| T wab) =4 (w—a+2b+2)(w+a—2b+3)(2b+1)(2b)(a+1)]"2

The above results are the same as given by [5]. Furthermore, acting with f3 on (12a)
we get

(wt1ab+3|f7|wab)

=[(w-—a+2b+4)(2b+1)(2b+2)(2a+1)(w+a+2b+5)/2Q2w+5)]">

(22a)
Similarly, acting with f7 on (12a), we obtain
(w+1a+1b|f|wab)
=[(w+a—-2b+3)(w+a+2b+5)(a+1)(2b+1)*/(2w+5)]"/2 (22b)

We know that f7 is simultaneously a rank-1 tensor of SO,, 3-spinor of SU2 and
SUS and scalar of SU$, the isoscalar factor for SU, 2SO, (wwll|w+1w+1)=1 and
(w1 fTlw)=vw+1, where (w+1]|f|[w) is a SU, reduced matrix element. Using
these results, we obtain the SO, = (SU,)? isoscalar factors as shown below:

(w—a+2b+3)(w+a+2b+4)b)’/2

_l1nl =
(wab—3103]|w+1ab) ( Qw+5)(w+1)(2b+1)

(w+a—2b+2)(w+a-+—2b+4)a)1/2

QCw+5)(w+1)2a+1)

(a+1)(w-—a—2b+1)(w—a+2b+3))
Rw+S5)(w+1)(2a+1)

(wa—1b110||w+lab)=(
e ()

(wa+1b110l|w+1ab)=(

(b+l)(w—a—2b+1)(w+a—-2b+2)>”2

110l =
(wab+2102||W+1ab>—< 2w+5)(w+1)(2b+1)

By using the reciprocity relation

(w+1labl|wa'b")

_ (_l)a,_a_m,,,_z,,_mﬂ( (2a+1)(2b+1)*Qw+5)(w+1) )”2
)

Qa’+ D)2 + 12w+ T)(w+5
x(wa'b'l|w+1ab) (24)
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the isoscalar factors {wa’b’1||w — 1 ab) can also be obtained; the results are summarised
as follows: '

—a-2b+ +a-2b+1)b\"?
<Wab—%10%IIW—1ab>=<(W a-2b+1)(w+a=2b 1>b>

Qw+3)(w+4)2b+1)
(w—a —2b+1)(w—a+2b+3)a>1/2
Cw+S5)w+4)(2a+1)

(w+a—2b+2)(w+a+2b+4)(a+1))
Qw+5)(w+4)2a+1)

(w—a+2b+3)(w+a+2b+4)(b+1))”2
Qw+5)(w+4)2b+1)

(wa—1b110}|w -1 ab)=(
9

(wa+1b110||w—1ab>=<

(wab+%10%||w—1ab>=(

where we simply choose y=0.

6. Summary

In this paper we have used the method outlined in [12] to construct the basis vectors
for the symmetric irreps of SO, > (SU,)>. It can be seen that the missing-label problem
can be solved by using the mathematical basis, and that the explicit basis vectors can
be constructed by using the boson operator technique (BoT). In addition, this technique
is easier than other methods [5] for deriving the reduced matrix elements and the
isoscalar factors. By using the angular momentum projection procedure, the eigenstates
of the angular momentum L7 can be constructed with these basis vectors.
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